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Two-ﬂavor (up and down) quark matter in the instanton vacuum is investigated using a
mean-ﬁeld approximation at T = 0. Electric charge neutrality is imposed for β-equilibrated
quark matter. At ﬁnite chemical potential, a new charge neutral mixed phase is found
between the chiral symmetry broken (CC) phase and the 2-ﬂavor color superconducting
(2SC) phase. The mixed phase is a mixture of a negatively charged CC subphase and a
positively charged 2SC subphase with the appropriate volume ratio in a uniform electron
gas. In addition, particle number densities, the eﬀect of a ﬁnite current quark mass on the
phase structure, the quark matter equation of state and compact stars are also investigated
in this model.

§1.

Introduction

Recent progress in mapping the QCD phase diagram has revealed that quark
matter at low temperature has a rich phase structure, including a two-ﬂavor color
superconducting (2SC) phase and a color-ﬂavor locking (CFL) phase.1)–3) We conjecture that such quark matter exists inside compact stars.4), 5) Quark matter inside
a compact star should be neutral with respect to electric as well as color charge.
In particular, electric charge neutrality is necessary in order for the star to be held
together by the gravitational force.6) Furthermore, quark matter in compact stars
is believed to be in β-equilibrium; that is, β-processes, such as (d → u + e− + ν e ,
u + e− → d + νe ), should proceed with an equal rate in the opposite direction. As a
result, when neutrinos are untrapped, the chemical potentials of the up quark (µu ),
down quark (µd ) and electron (µe ) satisfy the relation µd = µu + µe .7), 8)
To this time, many studies have investigated charge neutral quark matter. In
some of them, NJL-type models are used. In these studies, the possibility of the
appearance of new phases, such as the gapless 2SC phase, the gapless CFL phase
and mixed phases is discussed.9)–16), 18) In Ref. 10), in addition to the ordinary 2SCud ,
CFL and normal quark matter (NQ) phases, the realizability of exotic 2SC phases,
such as 2SCus , 2SCds and 2SCus+ds , is studied. There can exist nine types of mixed
phases, which are constructed from the NQ, 2SCud , CFL and the above-mentioned
exotic 2SC phases. Phase mixing exists for quark chemical potentials, µ, in the
range µ = 340.9 MeV-µ = 465.7 MeV. Mixing between the NQ and 2SCud phases is
that which appears for the smallest values of µ and mixing between the 2SCus and
CFL phases is that which appears for the largest values. Some compact stars that
correspond to the quark matter equations of states in the NJL-type models have
reasonable radii and masses.11), 19) Furthermore, in a simple phenomenological bag
model study, it was found that hybrid stars with quark matter cores and nuclear
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matter surfaces can masquerade as neutron stars.20)
For a compact star, relevant values of the baryon chemical potential (µB = 3µ)
lie in low to intermediate region (µ < 0.5 GeV, the density might be as large as
10ρ0 , where ρ0 ∼ 0.46 fm−3 ).5) Within the region at low temperature, an instanton
induced nonperturbative interaction, whose dependence on the quark chemical potential µ is signiﬁcant, is important for quark-antiquark (qq) and quark-quark (qq)
interactions.21), 22)
The aim of this paper is to explore relevant phases of neutral quark matter under the inﬂuence of the instanton-induced interaction (III). There have been some
reports concerning quark matter in the instanton vacuum without the charge neutrality condition.23), 24) In these studies, the quark zero-mode eigenstate, which is the
ground state of the quark in the instanton vacuum, is not fully taken into account
in the interaction. In particular, the µ dependence of the interaction is completely
ignored. In addition, the fact that the instanton-induced interaction is originally a
pre-exponential factor in the partition function is ignored.25)
Carter and Diakonov used approximated µ-dependent form factors (µ-FF) that
arise from the µ-dependent quark zero mode function.21) They found that the introduction of the µ-FF has an important eﬀect. In return for raising the interaction
term into the exponent, we have an additional term (Ladd ) and a constraint on the
strength of the quark-quark and quark-antiquark eﬀective interactions. As a consequence, in the instanton vacuum, the eﬀective coupling strength between fermions
is inevitably µ-dependent and related to the instanton density and to the order parameters. Carter and Diakonov determined the µ-dependent coupling strength by
ﬁxing the average instanton size ρ and assuming that the instanton density does not
change as long as the quark chemical potential is below ρ−1 ∼ 600 MeV. We employ
the same strategy in the present study.
However, we make some important improvements in the model developed by
Carter and Diakonov in Ref. 21). First, we make use of the full µ-dependent form
factor instead of the approximated one. In addition, the thermodynamic potential
in our model contains the complete contributions of the one-loop diagrams, while
that used by Carter and Diakonov does not. We ﬁnd that the introduction of µFF requires both the Ladd and the constraint on the eﬀective coupling strength
for inducing the chiral phase transition. Furthermore it is noteworthy that our improvements enable us to investigate systems under compact star constraints (namely,
charge neutrality and β-equilibrium), because we can distinguish µu from µd in the
partition function, including the interaction part. In the numerical calculations, we
set the values of the instanton density N
V and the average instanton size ρ on the
basis of the lattice QCD calculation and the instanton liquid model calculation.26), 27)
Accordingly, there is no free parameter in the present model.
For compact star phenomenology, the 2SC phase can be more important than
CFL phase. Because the latter requires approximate ﬂavor SU (3) symmetry, the
relevant region is µ > 450 MeV, which is of the order of the strange quark mass,
whereas at the center of a typical compact star, µ is believed to be no larger than
500 MeV.4) As shown below, the mixed phase and the 2SC phase already appear
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at µ = 293 and 320 MeV, respectively, in our model. Therefore, we employ the
instanton-induced interaction as the eﬀective interaction, which is attractive for both
qq and qq pairing and restrict our study to Nf = 2, corresponding to a system of up
and down quarks.21), 22)
The outline of the paper is as follows. In §2, we give a brief introduction for
the µ-dependent instanton-induced interaction (µ-III). Then, we derive the partition
function based on µ-III and obtain a constraint on the eﬀective coupling strength.
In §3, we derive the thermodynamic potential (Ω) in the mean-ﬁeld approximation
and, at the same time, we obtain the gap equation. In §4, we derive the electric
charge neutrality condition in this model. In §5, we calculate several thermodynamic
quantities and present the numerical results. In §6, we evaluate the charge neutral
quark matter equation of state. In §7, we estimate the ﬁnite current quark mass
eﬀect on the phase structure. In §8, the sequence of compact stars predicted by this
model is investigated. Section 9 is devoted to conclusions.
§2. Instanton-induced interaction

In the instanton vacuum the massless or nearly massless quark propagation takes
place mainly through the ’t Hooft zero mode Ψ(0) (x, µ).25), 28)
The propagator can be approximated as
†
(y, −µ).
0|T Ψ (x)Ψ (y)|0 ∼ Ψ(0) (x, µ)Ψ(0)

(2.1)

Then the eﬀective Lagrangian, Linst , for two ﬂavors at ﬁnite µ is expressed in
the momentum space as22)
 4 4  4 4 


d pd p d kd k
1
β1 β2
β1 β2
N
Linst =
δ
δ
−
δ
δ
st
c
α
α
α
α
1
2
2
1
(2π)16
16Nc (Nc2 − 1)
1 + γ5 †
α
G (p, −µ)Ψsβ1 (p)
×Ψ 1 1 (p )G(p , µ)
2
1 + γ5 †
α
G (k, −µ)Ψtβ2 (k)
×Ψ 2 2 (k  )G(k  , µ)
2
×(2π)4 δ 4 (p + k  − p − k)
+h.c.,
(2.2)
where α1 , α2 , β1 and β2 denote color indices and 1, 2, s and t denote ﬂavor indices.
The functions G and G† here are the form factors, deﬁned by
G(p, µ) ≡ (pξ γ ξ )[φν (p, µ)γ ν ],

(2.3)

φν (p, µ) ≡ [p1 φ(|p|, p4 , µ), p2 φ(|p|, p4 , µ), p3 φ(|p|, p4 , µ), φ4 (|p|, p4 , µ)]

(2.4)

where

are the Fourier components of the quark zero eigen-mode at non-zero µ (see Appendix A).21)
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The instanton-induced interaction Linst is the sum of the individual instanton
(I) and anti-instanton (I) contributions :
(2.5)

Linst = LI + LI .

The eﬀective Lagrangian terms LI and LI are originally pre-exponential factors
in the partition function Z in the path-integral formalism:21), 25)





4
Z = DΨ DΨ exp
d x Ψ (i/
∂ − iµγ4 − m)Ψ (LI )NI (LI )NI .
(2.6)
Here, m represents the current quark mass, and NI and NI are the instanton and
anti-instanton numbers, respectively.
In order to raise the operators LI and LI into the exponent, we use the inverse
Laplace transformation.21) We introduce the undetermined multipliers λI and λI ,
which play the role of the coupling strength, as clariﬁed below. Then we can write

(2.7)
Z = dλI dλI Z(λI , λI ),
where




d4 x Ψ (i/
∂ − iµγ4 − m)Ψ
Z(λI , λI ) ≡ DΨ DΨ exp

NI
+λI LI + NI log
−1
λI V


NI
−1 ,
+λI LI + NI log
λI V


(2.8)

with V the four-dimensional volume.
In this study, we assume the CP invariant case of the θ = 0 instanton theta
vacuum. In this case, it was found in an instanton gas model study that the dominant
instanton-anti-instanton conﬁguration is that for which29)
NI = NI =

N
,
2

(2.9)

and hence,
(2.10)

λI = λI = λ.

Then the partition function Z reduces to






d4 x Ψ (i/
∂ − iµγ4 − m)Ψ + λLinst + Ladd ,(2.11)
Z = dλ DΨ DΨ exp
where
Ladd


≡ N log

N
2λV

−1 .

(2.12)
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Next, applying the saddle point method in the thermodynamic limit (N, V → +∞ with
N/V ﬁxed), we recover Eq. (2·6) exactly.21) Here, the multiplier λ is determined by
the condition
δ log Z(λ)
=0
δλ

(2.13)

λLinst 
N
=
,
V
V

(2.14)

as

where · · ·  represents the expectation value. The above equation can be naturally
understood if one thinks of the instanton density as being the amplitude of the
vacuum to vacuum transition in the presence of the instanton.
§3.

Thermodynamic potential in the mean-ﬁeld approximation

Utilizing Fierz rearrangements, we decompose Linst. into two parts, one containing only the color singlet (1c ) quark bilinears and the other containing only the color
antitriplet (3c ) bilinears.21) In addition, we introduce two kinds of mean ﬁelds, σ
and ∆, which are the order parameters of the chiral and color symmetry breaking,
respectively:
dynamically generated quark mass : σ = −2KΨ Ψ ,
diquark energy gap : ∆ = −2K  Ψα Cγ5 Ψβ αβ3 .

(3.1)
(3.2)

Here, the color indices α and β run from 1 to 2. According to the Fierz rearrangements, the eﬀective coupling strengths K and K  are proportional to λ and are
related as K  = 0.75K. In the chiral limit, the dynamically generated quark mass is
equal to the constituent quark mass.
Because the diquark condensates are composed of quarks of colors 1 and 2, do
not contain quarks of color 3, a non-zero ∆ breaks the color SU (3) symmetry down
to the color SU (2) symmetry.
When the chemical potential of up quarks (µu ) is diﬀerent from that of down
quarks (µd ), the partition function (Zeﬀ ) is given by

(3.3)
Zeﬀ = DΨ DΨ exp(−S),
where the corresponding action S is given by
S = S1 + S2 + S3 ,
 2

∆2
σ
+
,
S1 = V
4K
4K 

d4 p
Ψ α,u (p) {/
p + iµu γ4 + Mu } Ψuα (p)
S2 =
(2π)4
p + iµd γ4 + Md } Ψdα (p)
+Ψ α,d (p) {/

(3.4)
(3.5)
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1 αT
Ψ (−p)Γ (−p, µ)Ψdβ (p) − ΨdαT (−p)Γ (−p, µ)Ψuβ (p)
2 u


α
βT
α
βT
+Ψ u (p)Γ † (p, µ)Ψ d (−p) − Ψ d (p)Γ † (p, µ)Ψ u (−p) αβ3 ,


N
−1 ,
S3 = −Ladd = −N log
2λV
+

(3.6)
(3.7)

where α and β are color indices, µ [≡ (µu + µd )/2] is the average chemical potential
for the color-antitriplet pairs, and we have
Mu ≡ mu + M (p, µu ),
Md ≡ md + M (p, µd ),
Γ (p, µ) ≡ ∆∗ G(p, µ)C † γ5 GT (−p, µ).

(3.8)
(3.9)
(3.10)

Here, the function M (p, µ) is a momentum dependent dynamically generated quark
mass:
M (p, µ) ≡ σG(p, µ)G† (p, µ).

(3.11)

The explicit expressions of the form factors are as follows: For a color-singlet
pair, we have
G(p, µ)G† (p, µ) = (p + iµ)η (p + iµ)η φν (p, µ)φν (p, µ),

(3.12)

while for a color-antitriplet pair we have
G(p, µ)C † γ5 GT (−p, µ)C † γ5 = A(p, µ) + B(p, µ),

(3.13)

where

A(p, µ) ≡ p · γγ4 i2µφν (p, µ)φ∗ν (p, µ)


−(p2 + µ2 )[φ4 (p, µ)φ∗ (p, µ) − φ∗4 (p, µ)φ(p, µ)] ,

B(p, µ) ≡ (p2 + µ2 )φν (p, µ)φν (−p, µ)
+(p + iµ)η φη (p, µ)(p − iµ)ν φν (−p, µ)
−(p + iµ)η φη (−p, µ)(p − iµ)ν φν (p, µ).

(3.14)

(3.15)

In the mean-ﬁeld approximation, the constraint on the eﬀective coupling strengths
K and K  Eq. (2·14) is expressed explicitly in terms of σ and ∆ as22)
σ2
∆2
N
=
+
.
V
4K
4K 

(3.16)

After integrating out the quark ﬁelds Ψ and Ψ in the partition function Zeﬀ , we
obtain
Zeﬀ = exp(−Seﬀ ).

(3.17)
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The corresponding eﬀective action Seﬀ is given by
 2


∆2
σ
d4 p
d4 p
∗
+
+
(2
−
N
)
log(Y
Y
)
−
2
log(F F ∗ )
Seﬀ = V
c
4K
4K 
(2π)4
(2π)4


N
−1 ,
(3.18)
−N log
2λV
where




Y ≡ |p|2 + (p4 + iµu )2 + Mu2 |p|2 + (p4 − iµd )2 + Md∗2 ,

(3.19)
(3.20)
(3.21)

F ≡ Y + 2∆2 (Mu Md∗ W + U ) + ∆4 W 2 ,


W ≡ ||p|2 + (p4 + iµ)2 |2 (φν φ∗ν )2 − 4|p|2 Im2 (φφ∗4 ) ,



U ≡ (p2 + µu µd ) (p2 + µ2 )2 + 4µ2 |p|2 (φν φ∗ν )2 + 4|p|2 Im2 (φφ∗4 )

+16µ|p|2 (p2 + µ2 )(φν φ∗ν )Im(φφ∗4 ) − 4|p|2 (µu + µd ) µ(p2 + µ2 )(φν φ∗ν )2



+ (p2 + µ2 )2 + 4µ2 |p|2 (φν φ∗ν )Im(φφ∗4 ) + 4µ|p|2 (p2 + µ2 )Im2 (φφ∗4 )



+ip4 (µu − µd ) (p2 + µ2 )2 + 4µ2 |p|2 (φν φ∗ν )2 + 4|p|2 Im2 (φφ∗4 )

+16µ|p|2 (p2 + µ2 )(φν φ∗ν )Im(φφ∗4 ) ,
(3.22)
p2 ≡ |p|2 + p24 .

(3.23)

The mean ﬁelds (σ, ∆) and the µ-dependent eﬀective coupling strength K (K  )
are determined simultaneously from the following coupled gap equation with the
constraint Eq. (3·16):
δSeﬀ
δSeﬀ
|ﬁxed K =
|ﬁxed K = 0.
(3.24)
δσ
δ∆
Finally we obtain the thermodynamic potential in the mean-ﬁeld approximation
Ω, which consists of Ωq , the contribution of the quark sector, and Ωe , that of electrons
(assumed to be massless):
Ω = Ωq + Ωe ,

(3.25)

Seﬀ
,
V
 µe 3
µ4e
d p
Ωe = 2
(p
−
µ
)
=
−
.
e
(2π)3
12π 2
0

(3.26)

where
Ωq =

§4.

(3.27)

Charge neutrality condition

Quark matter in a compact star is believed to be in β-equilibrium and chargeneutral.6), 7) When neutrinos are untrapped, the chemical potentials of quarks and
electrons are related as
µd = µu + µe .

(4.1)
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We estimate the following four kinds of densities of the system.
(I) The electric charge density Q,
2
1
Q = nu − nd − ne ,
3
3

(4.2)

where nu , nd and ne denote the particle number densities of the up quark, down
quark and electron, respectively.
(II) The color charge densities Q3 and Q8 ,
1
(n1 − n2 ),
2

(4.3)

1
(n1 + n2 − 2n3 ).
Q8 =
3

(4.4)

Q3 =

u,d

u,d

(III) The baryon number density QB ,
QB =

1
(n1 + n2 + n3 ),
3

(4.5)

u,d

where the subscripts 1,2 and 3 indicate the colors.
The number densities on the right-hand sides of the above four equations are
determined by derivatives of the thermodynamic potential Ω with respect to the
corresponding chemical potentials µj as follows:
nj = −

∂Ω
.
∂µj

(4.6)

In the 2SC phase, color SU (2) symmetry, which consists of the colors 1 and 2,
remains intact. Consequently, one of the color charges, Q3 , remains zero, while the
other color charge, Q8 , generally has a ﬁnite value in the 2SC phase without the
charge neutrality condition.
In this study, in the diﬀerentiation of Ω with respect to µj , we ignore the µj dependence of the form factors for simplicity.
In order to calculate the three kinds of charge densities, based upon Eq. (4·1)
and (4·6), we choose the quark chemical potential as
1
α,β
+ √ µ8 δi,j (λ8 )α,β ,
µα,β
i,j = (µδi,j − µe Qi,j )δ
3

(4.7)

The matrices
where µ= µ3B , i and j are ﬂavor indices, and α and β are color indices.


2 1
α,β
1
1
= diag √3 , √3 , − √23 .
Q and λ8 are deﬁned as Qi,j = diag 3 , − 3 and (λ8 )
The values of µ8 that satisfy the color charge neutrality condition in the 2SC
phase are reported to be −10 MeV,9), 30) while the values of µu , µd and µe are larger
than about 150 MeV. In this study, because µ8 is small compared to µu , µd and µe ,
we set µ8 = 0.11), 14) Then µu and µd become independent of color and reduce to the
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following forms:
2
µu = µ − µe ,
3
1
µd = µ + µe .
3

(4.8)
(4.9)

The local electric charge neutrality condition is expressed as follows:
Q=−

∂Ω
= 0.
∂µe

(4.10)

§5. Charge neutral phase structure in the chiral limit (m → 0) at T = 0

In this study we identify three phases that are realized in our model, the pure
chiral condensate phase (CC : σ = 0 but ∆ = 0), the pure diquark condensate phase
(2SC : σ = 0 but ∆ = 0) and the mixed phase (MX), which is a mixture of the CC
and 2SC subphases.
5.1. Gap equation solutions that satisfy the electric charge neutrality condition
In this subsection we solve the gap equation Eq. (3·24) and the charge neutrality condition Eq. (4·10) with the help of the constraint on K(K  ) given in Eq. (3·16)
and report the results of our numerical computation of the thermodynamic potential. For the numerical calculation, we employed the value of the gluon condensate
obtained from the lattice QCD calculation for the instanton density N
V and set it to
1
(0.2 GeV)4 .26) For the average instanton size ρ, we adopt the result ρ(N/V ) 4 = 13
from the instanton liquid model calculation and set it to 13 fm.27) Then, we obtain a
constituent quark mass σ of 347 MeV and a chiral condensate Ψ Ψ  of (−251 MeV)3
at µ = T = 0. In addition, the bag pressure (B) appears as the diﬀerence between
1
the pressures of the CC and virtual NQ (σ = ∆ = 0) phases. We have B 4 ∼ 0.25
GeV at µ = T = 0. It should be noted that in the µ-III model, there is no free
parameter.
Our main assumption is that the instanton density does not change when we
increase the baryon chemical potential. This assumption is justiﬁed in the relevant
region of µB for quark matter inside compact stars, according to the instanton liquid
model calculation.31)
Figure 1 plots the thermodynamic potentials (Ω) as functions of µ (= 13 µB )
in the chiral limit, based on our numerical results. It is seen that the 2SC curve
intersects the CC curve at µ = 312 MeV. At this point, the values of µe in the CC
phase and the 2SC phase are 52 MeV and 211 MeV, respectively.
Figure 2 displays a close-up view near the intersection in Fig. 1. It is seen that
a mixed phase is realized between µ = 293 MeV and 320 MeV. However, unlike in
the ﬂavor symmetric case,22) a doubly symmetry broken phase, in which both chiral
and color symmetries are broken, is not realized, because of the local electric charge
neutrality condition.
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Fig. 1. Dependence of Ω on the quark chemical potential (µ= µ3B ). The 2SC curve intersects the CC curve at µ = 312 MeV.

2SC
0.29

0.3

0.31
ΜGeV

0.32

Fig. 2. A close-up view near the intersection.
The MX phase is realized in the region
where the quark chemical potentials (µ) are
between 293 MeV and 320 MeV.

In the 2SC phase the values of K  and ∆ are K  = 18.2 GeV−2 and ∆ = 0.34 GeV
at µ = 0.32 GeV and K  = 13.1 GeV−2 and ∆ = 0.29 GeV at µ = 0.4 GeV. The
values of K  and ∆ decrease as µ increases. Thus, the value of the eﬀective coupling
strength K  is large compared to that in the NJL-type models, as long as µ is not
too large. The value of ∆ in the present model is a few times larger than that in the
NJL-type models, but it is comparable to the results obtained in Ref. 21), in which
µ-III is also used as the eﬀective interaction for two-ﬂavor quark matter. The large
value of ∆ is considered to be a result of the strong coupling strength for a color
anti-triplet bilinear in the µ-III models.
5.2. Mixed phase construction
A globally charge neutral mixed phase can be constructed from a mixture of
two oppositely charged subphases with an appropriate volume ratio. The subphases
in the mixed phase have to have the same values of µ, µe and Ω (the Gibbs phase
equilibrium condition).
Figure 3 plots the dependences of the electric charge densities (QCC and Q2SC )
on µe at µ = 0.31 GeV. It is seen that at low µe both the subphases are positively
charged, while at the endpoints (µe = 0.15 GeV), the 2SC subphase is still positively
charged, but the CC subphase is negatively charged. The pressures in both the
subphases are equal only at the endpoints.
Figure 4 displays the dependences of QCC and Q2SC on µ. At each µ, the two
subphases have the same values of µe and the pressure (P = −Ω). It is seen that the
CC subphase is negatively charged, while the 2SC subphase is positively charged.
For bulk charge neutrality the volume fraction that must be occupied by the
2SC subphase is given by

χ=

QCC
.
QCC − Q2SC

(5.1)
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Fig. 3. Dependences of the electric charge
densities (QCC and Q2SC ) on µe at µ=0.31
GeV. The values of Ω in the CC and 2SC
subphases become equal at the end points
(µe =0.15 GeV).

0.3

0.305 0.31 0.315 0.32
ΜGeV

Fig. 4. Dependences of QCC and Q2SC on µ.
At each µ, the two subphases have the same
values of Ω and µe .
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Fig. 5. Volume fraction χ of the 2SC subphase
for global charge neutrality.
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0.4
ΜGeV

0.45
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Fig. 6. µ vs µe . The value of µe increases
steeply in the mixed phase as µ increases.

Therefore, we have
Q = (1 − χ)QCC + χQ2SC = 0.

(5.2)

As shown in Fig. 5, the volume fraction of the 2SC subphase increases monotonically
from zero to unity.
Figure 6 plots the dependence of µe on µ. It is seen that µe increases steeply in
the mixed phase as µ increases.
It is noteworthy that in this model, the MX phase is the only route between
the locally charge neutral CC and 2SC phases that is compatible with the Gibbs
condition.
5.3. Particle number densities
In the mixed phase the number density nj of the particle species j is given by
the volume-weighted average of the individual particle densities:
2SC
.
nj = (1 − χ)nCC
j + χnj

(5.3)

Figures 7 and 8 display the particle number densities. It is seen that the densities
of up and down quarks increase steeply in the mixed region as µ increases. Accord-
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Fig. 7. The mixed region (MX) is narrow with
respect to µ, but relatively wide with respect to n.
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Fig. 8. The 2SC phase appears at nu + nd =
2.67ρ0 .
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Fig. 9. In the CC phase, electric charge neutrality is almost realized without electrons.
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Fig. 10. In the CC phase, we have nd /nu ∼ 2,
which is almost equal to the ratio in neutron matter.

ingly, we ﬁnd that the mixed region is narrow with respect to µ, but relatively wide
with respect to nu and nd .
Figures 9 and 10 reveal that, in the CC phase, electric charge neutrality is almost
realized without electrons (Fig. 9); that is, the number of down quarks is twice that
of up quarks (see Fig. 10). Thus, it is interesting that in the CC phase, the ratio
nd /nu is almost the same as that in neutron matter.
5.4. Upper limit for the surface tension η, below which the mixed phase is favored
To this point, we have ignored the eﬀects of the Coulomb force and the surface
tension between diﬀerent components in the mixed phase. These eﬀects reduce the
pressure in the mixed phase. As a consequence, the mixed phase is favored only if
the surface tension is not too large. In this subsection, we estimate the upper limit
on the surface tension ηul , below which the mixed phase is favored over the locally
charge-neutral phases.
The mixed phase can be structured so as to minimize the sum of the CC-2SC interface surface energy (ES ) and the Coulomb energy (EC ). Then the thermodynamic
potential of the mixed phase ΩMX , including the surface and Coulomb contributions,
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Table I. The upper limit for the surface tension, ηul .
µ (MeV)
305
310
313
318

ηul (MeV/fm2 )
6.7
20.7
41.8
17.6

is given by30)
(5.4)

ΩMX = Ω + ES + EC .

Let us consider a crystalline structure consisting of Wigner-Seitz cells. In each
cell, the region occupied by the smaller subphase must be surrounded by the larger
subphase so that the total charge content of the cell is neutral. When the smaller
subphase forms a droplet, the sum of the surface and Coulomb energies per unit
volume (Etot ) is given by32)–34)
Etot ≡ ES + EC = 6πx

9η 2 e2 ∆Q2 f (x)
16π 2

1
3

,

(5.5)

where x denotes the volume fraction of the smaller subphase, and η represents the
surface tension. Here we have assumed that the interface is thin in comparison with
the radius of the Wigner-Seitz cell.
The quantity ∆Q is the diﬀerence between the charge densities of the two subphases:
∆Q ≡ Q2SC − QCC ,

(5.6)

and the geometrical factor f (x) is given by
1

f (x) =

2 + x − 3x 3
.
5

(5.7)

When ∆Ω ≥ Etot at a given µ, the mixed phase is possible. Here ∆Ω denotes
the diﬀerence between the thermodynamic potentials, which is given by
∆Ω = ΩCC − Ω : 293 ≤ µ ≤ 312 MeV,
∆Ω = Ω2SC − Ω : 312 ≤ µ ≤ 320 MeV.

(5.8)
(5.9)

Using Eqs. (5·4) and (5·5), we can calculate the upper limit on the surface tension
ηul , below which the mixed phase is favored:
4

ηul = 
3 216πf (x)∆Qe

∆Ω
x

3
2

.

(5.10)

The value of ηul becomes large near the CC-2SC intersection point (µ = 312 MeV).
Furthermore we estimate the radius of a droplet () and the distance between
centers (2L) at a given value of the surface tension. We ﬁnd that at (µ, η) = (313
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MeV, 5 MeV/fm2 ), the values of  and L are 10.8 fm and 15.3 fm, respectively. The

− 1
2
2
, at µ = 313 MeV is about
electron Debye screening length, λD = −4πe2 ∂∂µΩ2e
e

13 fm, which is comparable to the radius of the Wigner-Seitz cell.35)
§6.

Equation of state
In this section we present the equation of state for charge-neutral twoﬂavor quark matter in the chiral limit
in the pressure-energy density (P -E)
plane.
The energy density can be calculated using Ω as

P MeVfm3 

400

2SC

300
200
100

CC

MX

E = −P + µj nj
∂Ω
= Ω − µj
.
∂µj

0
0

200

400
600
E MeVfm3 

800

1000

Fig. 11. Dependence of the pressure (P ) as a
function of the energy density (E) in the
chiral limit at T = 0.

(6.1)

Figure 11 plots the pressure of the
quark matter as a function of the energy
density in the chiral limit. The pressure in the MX phase changes from 26 MeV/fm3
to 44 MeV/fm3 , while in 2SC phase, the pressure increases steeply as E increases.
The region plotted in Fig. 11 corresponds to 0 ≤ µ<600 MeV, satisfying µρ <1.
§7.

Finite current quark mass eﬀect

In the chiral limit, a mixed phase is realized between µ =293 MeV and 320 MeV
(Fig. 2), while in the cases of mu = 5 MeV and md = 9 MeV (see Fig. 12) and
mu = md = 10 MeV (see Fig. 13), the mixed phases are realized between µ=312
MeV and 350 MeV and between µ = 320 MeV and 362 MeV, respectively. Thus,
when we introduce a ﬁnite current quark mass, the mixed region shifts upward and
becomes wider than that in the chiral limit.
0
-20

 MeVfm3 

 MeVfm3 

-40

-40 CC

MX

-60

CC

-50
-60

MX

-70
-80

2SC
0.31

0.32

0.33
ΜGeV

0.34

0.35

Fig. 12. Phase structure with mu = 5 MeV
and md = 9 MeV.

-90
0.31

2SC
0.32

0.33

0.34
ΜGeV

0.35

0.36

Fig. 13. Phase structure with mu = md = 10
MeV.
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The pressure in the mixed phase in the case mu = 5 MeV and md = 9 MeV
varies from 35 to 71 MeV/fm3 and in the case mu = md = 10 MeV, it varies from
38 to 83 MeV/fm3 .
§8.

Compact stars

In this section we investigate the sequence of compact stars corresponding to
the equation of state (EoS) in this model.
We consider a static, stationary and spherically symmetric perfect ﬂuid for the
stellar system. With these conditions, Einstein’s ﬁeld equations yield the TolmanOppenheimer-Volkov (TOV) equation for hydrostatic equilibrium in general relativity:5)


P (r)
4πr 3 P (r)
1
+
2
1
+
E(r)
M (r)
4πr drE(r)M (r)
−4πr2 dP (r) =
·
,
(8.1)
2
2M
(r)
r
1−
r

where we denote the pressure at a radius r by P (r), the energy density by E(r), and
the mass inside a radius r by M (r):
 r
4πr2 E(r )dr .
(8.2)
M (r) =
0

2.2

2.2

2

2

1.8

1.8

MMSUN

MMSUN

We integrate the TOV equation employing the EoS shown in Fig. 11 from the
center with a given central energy density until the pressure becomes zero. Doing so,
a unique relationship among the mass, radius and central energy density is obtained.
Figures 14 and 15 show the sequence of compact stars corresponding to the EoS
shown in Fig. 11. Figure 14 shows the relation between M/Msun and the central energy density E(0). It is seen that M/Msun increases as E(0) increases for E(0)<1300
MeV/fm3 . The maximum mass happens to be located at a value of E(0) corresponding to µ ∼ 600 MeV (i.e., µρ ∼ 1). If we increase E(0) further away from the
maximum mass point, the sequence goes into the unstable branch, i.e., the compact
star mass decreases as E(0) increases. Figure 15 displays the mass versus radius (R)

1.6
1.4

1.6
1.4

1.2
0

500

1000
1500
E0MeVfm3 

2000

2500

Fig. 14. The relation between the mass and
the central energy density for compact stars
corresponding to the EoS shown in Fig. 11.

1.2
11.5 11.75 12 12.25 12.5 12.75 13
Rkm

Fig. 15. Mass-radius relation for compact
stars corresponding to the EoS shown in
Fig. 11, where Msun = 1.99 × 1033 g.

924

H. Kiuchi and M. Oka

R km
12
10

8

CC7%

8

2SC
ΡrΡ0

MX

31%
6

4
2

2SC

4

6

MX
CC

62%
0

2

0

2

4

6

8

10

12 R km

Fig. 16. The inner structure of the maximum
mass compact star with M = 2.19Msun .
The volume fractions of the 2SC, MX and
CC phases are 0.62, 0.31 and 0.07, respectively.

2
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8

10

12

r km

Fig. 17. Density proﬁle of the same maximum
mass star as shown in Fig. 16. Here, r is
the distance from the center, and ρ0 is the
nuclear matter density.

relation. The maximum compact star mass of the sequence is about 2.19Msun and
its radius is about 12km. The values of r − 2M (r) are positive everywhere inside
compact stars.
Figures 16 and 17 show the interior structures of the maximum mass compact
star with E(0) = 1308 MeV/fm3 (ρB = 9.3ρ0 ). This compact star has mass of
M = 2.19Msun and a radius of R = 11.95 km. The compact star consists of three
layers, i.e., the core, which is in the 2SC phase, from the center to r = 10.2 km (ρB =
9.3ρ0 −2.67ρ0 ), the inner crust, which is in the mixed phase, between r = 10.2 km and
11.65 km (ρB = 2.67ρ0 − 0.13ρ0 ) and the outer crust, which is occupied by the CC
phase, from r = 11.65 km to the stellar surface at R = 11.95 km (ρB = 0.13ρ0 − 0).
It is quite interesting that the mixed phase occupies 31% of the total volume of the
star, although the range of the chemical potential for the mixed phase is not large.
§9.

Conclusions

In the present study, we have investigated the phase structure of charge-neutral
and β-equilibrated two-ﬂavor (up and down) quark matter in the mean-ﬁeld approximation. We have also investigated compact stars whose interiors are composed of
two-ﬂavor quark matter according to the equation of state. As the eﬀective interaction, we used a µ-dependent instanton-induced interaction (µ-III), which arises from
the µ-dependent quark zero mode. The µ-III is considered to be important in the
region of low T and low to moderate µ that is relevant for compact stars. In addition
to the locally electric charge-neutral pure chiral condensate (CC) and pure diquark
condensate (2SC) phases, we have found that a new mixed phase, which is not a
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locally but, rather, globally electric charge-neutral system, can be realized. The
pure CC phase is realized between µ = 0 and 293 MeV, and the mixing of the 2SC
subphase starts at µ = 293 MeV. The mixed phase consists of negatively charged
CC and positively charged 2SC subphases. The volume fraction of the 2SC subphase
increases monotonically from 0 at (µ, µe ) = (293 MeV, 60 MeV) and reaches unity
at (µ, µe ) = (320 MeV, 212 MeV).
Several studies investigating the phase structure under the charge neutral condition have been carried out with NJL-type models, but their results are qualitatively
diﬀerent from the present one.1), 2), 6), 9)–11), 14) The mixed phase that can be realized
in some NJL-type models is a mixture of the normal quark matter (NQ : σ = ∆ = 0)
subphase and the 2SC (∆ = 0) subphase.9), 12), 36) Furthermore, the phase structure
depends on the eﬀective coupling strengths for color-antitriplet quark pairs. In Refs.
11) and 14), for weak and intermediate coupling strengths (K  /K ≤ 0.75), it is reported that no mixed phase is realized in the relevant region (µ ≤∼ 0.45 GeV). Only
in the case of strong coupling (K  /K ≥ 1.0) can the 2SC or NQ-2SC mixed phase be
realized for µ ≤∼ 0.45 GeV. In one of the NJL-type model studies, it is reported that
the charge-neutral 2SC phase is realized in a small µ-region between the color-ﬂavor
locking phase and the gapless 2SC phase.
In the µ-III model, a mixed phase and a charge-neutral 2SC phase is realized at
K  /K = 0.75, and the particle number densities are continuous in the phase transitions. In addition, we have found that a ﬁnite current quark mass is advantageous in
forming the mixed phase. A gapless 2SC phase does not exist at the baryon chemical
potential that is relevant for compact star evolution.
The basic interactions between fermions in the µ-III model happen to be similar
to those in the NJL-type models. However, there are some important diﬀerences
between these two models, and these diﬀerences lead to discrepancies in the phase
structures obtained with these two approaches. Here we discuss the diﬀerences between the two models.
I) In the µ-III model, unlike in the NJL-type models, there is no parameter like a
coupling constant or UV momentum cutoﬀ to be set so as to reproduce some physical quantities, for example, constituent quark mass and/or the pion decay constant.
In the µ-III model, the eﬀective coupling strength at each value of µ, which is inevitably µ-dependent, can be computed from the constraint on the eﬀective coupling
σ2
∆2
strength [Eq. (3·16) ; N
V = 4K + 4K  ] with the coupled gap equations Eq. (3·24).
The instanton density (N/V ) and the average instanton size (ρ) also have physical
meanings directly connected to QCD. We employ the value of the gluon condensate
26) For the average
from the lattice QCD calculation for the instanton density N
V .
1
instanton size ρ, we adopt the result ρ(N/V ) 4 = 13 from the instanton liquid model
calculation.27)
II) We use the µ-dependent form factors derived without approximation from the
quark zero mode function at ﬁnite µ in the instanton vacuum. While in the NJL-type
models, simple form factors are introduced by hand, but they are µ independent.
III) It should be noted that the µ-III is originally a pre-exponential factor in the
partition function. In return for raising the operator into the exponent, we have
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  N 

an additional term [Eq. (2·12) ; Ladd ≡ N log 2λV
− 1 ] and a constraint for the
σ2
∆2
eﬀective coupling strength K(K  ) [Eq. (3·16) ; N
V = 4K + 4K  ]. If we ﬁx the values
of K(∝ λ) and N/V , the additional term Ladd becomes constant, and thus, this
term can be ignored. Indeed, in some III model studies, this strategy is used implicitly. As a consequence, a µ-independent form factor is required instead of the
µ-dependent one, so as to realize chiral symmetry restoration at intermediate density. However, Ladd is in fact crucial for phase structure. In Ref. 21) Carter and
Diakonov investigated
using the simple thermodynamic potential
 N phase structure
Ladd
N
Ω = Ωfree − V log 2λV = Ωfree − V − N
V . The phase structure is determined by
only the second term on the right-hand side. For the µ-III model, 1) the µ-dependent
form factors, 2) Ladd and 3) the constraint Eq. (3·16) are all necessary to realize a
chiral phase transition at intermediate density. In addition, it is important to note
σ2
∆2
that due to the constraint N
V = 4K + 4K  , the NQ(σ = ∆ = 0) phase is not realized
as long as III is eﬀective. Thus in the µ-III model, the mixed phase consists of the
CC and 2SC subphases. If we ignore these three important features, the µ-III model
reduces to the NJL model. In this study, we have retained these three important
features of the µ-III model, which originate from QCD.
We have investigated the upper limit of the surface tension ηul , below which the
mixed phase is favored over the locally neutral phases at a given µ, by assuming a
crystalline structure with Wigner-Seitz cells for the mixed phase architecture. We
ﬁnd that the value of ηul varies from several MeV/fm2 to about 40 MeV/fm2 . In a
recent study within the framework of the NJL model, the surface tension at the NQ2SC interface is estimated to be at most a few MeV/fm2 in the region corresponding
to the mixed region in the µ-III model.9), 30) If this estimation is also valid in the
µ-III model, the eﬀects of the surface tension and the Coulomb force should be small
enough that they do not aﬀect the results qualitatively. Furthermore, by setting the
value of the surface tension to 5 MeV/fm2 , we ﬁnd that a Wigner-Seitz cell has a
radius of order 10 fm. Accordingly, we believe that the mixed phase region may be
homogeneously occupied by Wigner-Seitz cells of order 10 fm.
In the present model, the bag pressure (B) appears as the diﬀerence between
the pressure of the CC and virtual NQ (σ = ∆ = 0) phases. At µ = T = 0, we have
1
B 4 ∼ 0.25 GeV. In addition, it is interesting that in the CC phase, the ratio nd /nu
is almost the same as that in neutron matter.
The equation of state in the µ-III model is somewhat stiﬀer than those in the
NJL-type and simple phenomenological bag models.11), 14), 20), 37) For example, in
Ref. 14), it was found that P ∼100 MeV/fm3 at E = 500 MeV/fm3 and P ∼300
MeV/fm3 at E = 1000 MeV/fm3 , while in this model, we have P ∼180 MeV/fm3
at E = 500 MeV/fm3 and P ∼400 MeV/fm3 at E = 1000 MeV/fm3 . The gap ∆,
which itself is a result of the strong coupling strength for a color anti-triplet bilinear,
may have a large eﬀect on equation of state (EoS) and hence on the mass-radius
relationship of a compact star. As mentioned above, the value of ∆ at each value
of µ in the present model is a few times larger than that in the NJL type models
and in the phenomenological bag model.11), 14), 37) The large value of ∆ may raise
the pressure at each value of the energy density and hence stiﬀen the EoS of the
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system. Therefore, the relatively heavy maximum compact star mass predicted by
the present model may be a result of the large diquark gap ∆. For example, in Ref.
37), Alford and Reddy show that the maximum compact star mass increases as the
gap ∆ increases for ∆>100 MeV.
We have found that there are reasonable relations among the masses, radii and
central energy densities for the compact stars in the µ-III model. The masses are of
order Msun , the radii are of order 10 km and the central energy densities are of order
1015 g/cm3 . The maximum mass (Mmax ) of the sequence in this model is about
2.2Msun and its radius is about 12 km. The compact star masses of the sequence in
this model are somewhat heavier than the typical masses of observed radio pulsars,
1.35 ± 0.04Msun .38)
In general, a mass-radius relationship depends on the equation of state of the
matter inside the compact star in question. The predicted masses of pure neutron
stars do not exceed 2.0Msun .5) The appearance of strangeness results in a reduction
of the value of Mmax for a compact star. Consequently, the maximum mass of a
hyperon-mixed neutron star also does not exceed 2.0Msun .39) However, recently,
Stairs et al. have estimated the mass of a pulsar (PSRJ0751+1807), which is a
millisecond pulsar in a 6 hr orbit with a helium white dwarf secondary, by measuring
the decay of its orbit due to the emission of gravitational radiation. The estimated
mass of M = 2.1 ± 0.2Msun is the largest recorded for a pulsar.40) This mass is
comparable to Mmax in the µ-III model. Taking into account the fact that the µIII is important at low temperatures and low to moderate baryon densities, it is
reasonable to conclude that compact stars in the µ-III model may provide a useful
description of such relatively heavy compact star.
As seen in Fig. 8, the locally charge-neutral 2SC phase appears at about 2.67ρ0 .
As mentioned above, in other models such as NJL-type models, the locally chargeneutral 2SC phase is not realized in the relevant region. Thus µ-III gives a very
diﬀerent picture of the structure of the core of compact stars.
The new mixed phase spreads over only a few kilometers as a middle layer
inside compact stars. However, in some compact stars, such middle layers occupy
the largest volumes inside the compact stars. For example, in the case E(0) =
0.84×1015 g/cm3 , the volume fractions of the 2SC core, MX layer and CC layer are
0.4, 0.46 and 0.14, respectively. Therefore, existence of the newly discovered mixed
phase as well as the 2SC phase inside a compact star could be relevant in some
phenomena, e.g., glitch and transport properties.
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Appendix A
The Fourier Transform of the Quark Zero Mode Function
In this appendix we present the Fourier transform of the quark zero mode at
ﬁnite chemical potential.21)
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The quark zero mode solution can be written as


d4 p ip(x−z)
jβ
αi
ν 1 + γ5
(x − z, µ) = −i
e
φ
(p,
µ)γ
· √ · Uβα ,
Ψ(0)
ν
4
(2π)
2
2
ij

(A.1)

where i and j are ﬂavor indices, α and β are color indices and U represents the color
orientation matrix.
The Fourier transforms φν (p, µ) are given by
φi (p, p4 , µ) = pi · φ(|p|, p4 , µ) (i = 1 − 3),
πρ2
{(2|p| − µ − ip4 )[(2p4 + iµ)f1− + i(|p| − µ − ip4 )f2− ]
φ4 (|p|, p4 , µ) =
4|p|
+(|p| + µ + ip4 )[(2p4 + iµ)f1+ − i(|p| + µ + ip4 )f2+ ]}, (A.2)
where
φ(|p|, p4 , µ) =

πρ2
(2|p| − µ)(|p| − µ − ip4 )f1− + (2|p| + µ)(|p| + µ + ip4 )f1+
4|p|2
1
(µ + ip4 )(p24 + (|p| − µ)2 )]f2−
+[2(|p| − µ)(|p| − µ − ip4 ) −
|p|

1
(µ + ip4 )(p24 + (|p| + µ)2 )]f2+ .
+[2(|p| + µ)(|p| + µ + ip4 ) +
|p|
(A.3)

Here we have introduced the functions
1
[I1 (z± )K0 (z± ) − I0 (z± )K1 (z± )],
z±
1
= 2 I1 (z± )K1 (z± ),
z±

f1± =

(A.4)

f2±

(A.5)

where I0 , I1 , K0 and
 K1 are the modiﬁed Bessel functions and the arguments z± are
1
given by z± = 2 ρ p24 + (|p| ± µ)2 .
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