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Induced Order in Nonequivalent Two-Leg Hubbard Ladder
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Motivated by the presence of diﬀerent orders in multilayered high-temperature superconductors, we examine a model consisting of nonequivalent two Hubbard chains coupled
by interchain hopping by using the density-matrix renormalization group (DMRG) and a
mean-ﬁeld theory. As an example, we consider a system with noninteracting chain without
order and a Hubbard chain with strong antiferromagnetic (AF) spin-density-wave correlation. We ﬁnd that the magnitude of the interchain hopping controls the strength of induced
AF correlation as well as that of original one. It is also found that the induced AF correlation decreases with increasing the magnitude of the original correlation. Implications to the
multilayered system are discussed.
Subject Index: 397

§1.

Introduction

Recently the coexistence of antiferromagnetism and superconductivity has been
reported in multilayered high-Tc cuprate superconductors from nuclear magnetic
resonance experiments.1), 2) In the superconductors, there are diﬀerent layers whose
carrier concentrations are unequal. When the concentration is small (large), antiferromagnetic (superconducting) order is dominating. At intermediate concentration
region, the coexistence of both the orders is realized. The coexistence itself has theoretically been examined by using models with strong correlation like a t-J model
within an isolated single layer.3) However, in addition to the possible coexistence
in the single layer, we need to clarify a role of induced order from neighboring ordered layers due to proximity eﬀect, when we analyze the experimental results for
the coexistence.
In order to exploit the induced order, we consider a simple model that can
describe the proximity eﬀect: a two-leg ladder system with diﬀerent interaction parameters in each leg and coupled with one-particle electron hopping interaction. In
this paper, we examine a two-leg ladder consisting of a noninteracting chain and
of a Hubbard chain where antiferromagnetic (AF) spin correlation is dominating.
It is noted that, though two-leg ladder systems with equivalent chains have been
studied intensively by both analytical4) and numerical5) approaches, nonequivalent
ladder systems have not been investigated as far as we know. For this purpose, we
employ density-matrix renormalization group (DMRG) technique to calculate the
distance dependence of spin-spin correlation function. We ﬁnd that the magnitude
of the interchain hopping controls the strength of induced AF spin correlation in the
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Fig. 1. Schematic view of a two-leg Hubbard ladder. The hopping parameter t is common to both
the leg 1 and leg 2, but the on-site Coulomb interaction Ul and the chemical potential μl depend
on the l-th leg.

noninteracting chain as well as that of original correlation in the Hubbard chain.
Furthermore, it is found that the induced AF correlation decreases with increasing the magnitude of the original correlation. This is reproduced by a mean-ﬁeld
treatment for the ladder system, indicating that these ﬁndings are independent of
dimensionality.
This paper is organized as follows. In §2, we introduce a model Hamiltonian
of a two-leg ladder consisting of nonequivalent chains described by the Hubbard
model and coupled with interchain hopping interaction. In §3, we present DMRG
results and discuss how the interchain hopping aﬀects on original and induced AF
spin correlations on each chain. In §4, using an analytical calculation, we clarify a
relation between the strengths of induced and original orders. Section 5 is devoted
to a summary of this work.
§2.

Model

We investigate a ladder system consisting of two nonequivalent Hubbard chains
connected by a hopping term, as schematically shown in Fig. 1. The Hamiltonian of
the two-leg Hubbard ladder model is given by

Hl + H⊥
(2.1)
H=
l=1,2

with
Hl = −t


 †


ni,l,↑ ni,l,↓ + μl
ni,l
ci,l,σ ci+1,l,σ + h.c. + Ul
i,σ

i

and
H⊥ = −tp


 †
ci,1,σ ci,2,σ + h.c. ,

(2.2)

i

(2.3)

i,σ

where ci,l,σ (c†i,l,σ ) annihilates (creates) an electron of spin σ at the i-th rung on leg


l, ni,l = σ ni,l,σ = σ c†i,l,σ ci,l,σ , t is the intra-chain hopping parameter common to
the legs, tp is the inter-chain hopping parameter, Ul is the on-site Coulomb repulsion
on leg l, and μl is the chemical potential that controls the charge density on each
leg. Hereafter we take t = 1.
When tp = 0, the ladder represents decoupled chains. The parameters in the
chains determine dominant correlations among spin, charge, and superconducting
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orders at half ﬁlling.7) In this study, we consider a simple case where the l = 1 leg
is noninteracting (U1 = 0) and the l = 2 leg has positive number of U2 giving rise
to the longest power-low correlation for spin channel. In the following, we call the
l = 1 leg the metal chain and the l = 2 leg the spin-density-wave (SDW) chain. We
connect the two chains by introducing tp , whose value is assumed to be small, i.e.,
tp < t, keeping the multilayer cuprates in mind. In order to escape the change of
correlation functions due to charge transfer from one chain to another, the chemical
potential μl is chosen to make each chain contain ahalf of total electrons, i.e., the
averaged electron number in the l leg is given by i ni,l  = N/2, where N is the
number of total lattice sites and · · ·  stands for the ground-state expectation value.
In this study, we consider the case that the total number of electrons is equal to N ,
i.e., half ﬁlling, and take μl = Ul /2.
Employing the ﬁnite-size algorithm of density matrix renormalization group
(DMRG) method6) for a ladder with N = 64 × 2 sites under open boundary conditions, we calculate the spin-spin correlation function for each leg, which is deﬁned
as
Cl (|ri − rj |) = Slz (ri )Slz (rj ),
(2.4)
where Slz (ri ) is the z component of the spin operator at the i-th position ri on the
leg l. The middle of the site i and the site j is chosen to be at the center of the leg
to minimize size eﬀects coming from edges of the ladder.
§3. DMRG results

3.1. Spin-spin correlation in the SDW chain
We ﬁrst examine spin-spin correlation in the SDW chain C2 (r) (the l = 2 leg).
Figure 2 shows the correlation function for several values of the interchain hopping
tp in the case of U2 = 4. We plot only positive values of the correlation where the
distance r is of even number. We note that odd distances give negative values of the
correlation.
Before discussing the details of the results, we should mention convergency of
the data in terms of the truncation number m in DMRG. Since we treat a ladder
system with a noninteracting chain and small tp , we are required to use a large
number of m. Inset in Fig. 2 shows m dependence of C2 (r) for the case of tp = 0.
Since the two chains are decoupled, C2 (r) must agree with that of a 64-site single
chain with on-site Coulomb interaction U = 4, which shows a linear dependence in
the log-log plot for r  40 (solid squares). With increasing m from 400 to 800, C2 (r)
approaches that of the single chain. The data at short distances (r  10) seems to
converge in the logarithmic scale for m = 800, while the data at long distances show
slow convergencey. Such slow convergency comes from the small correlation between
the two chains. The convergency in terms of m becomes much better with increasing
tp . However, m = 800 are not enough to get good convergency at large distances.
Unfortunately m = 800 is a maximum number we can access using our available
computers. We note that CPU time for the calculation of the correlation function
for a given parameter is about 52 hours by using 64 cores on FUJITSU HX600. We
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Fig. 2. Spin-spin correlation function on the SDW chain C2 (r) as a function of the distance r
between two sites for a 64×2 ladder with U2 = 4. The data for several values of the interchain
hopping tp are shown. The truncation number m = 800. Inset: m dependence of C2 (r) for
tp = 0 by using the ladder system. The ﬁlled squares represent the case of a 64-site single chain.

also note that truncation error for m = 800 is about 10−4 .
Keeping in mind the convergency problem mentioned above, let us discuss how
C2 (r) is aﬀected by the introduction of tp . For r  10, C2 (r) slightly decreases with
increasing tp . In order to clarify the eﬀect of the on-site Coulomb interaction, we
show in Fig. 3(a) tp dependence of the spin-spin correlation at r = 4 on the SDW
chain for U2 = 2, 4, and 6. For the check of convergency with respect to m, we
show 1/m dependence of C2 (r = 4) for U2 = 4 in the inset. The data for tp = 0
seems to be safely extrapolated to the data of a single chain plotted at 1/m = 0.
Similarly, the data for tp = 0.4 exhibits a smooth change toward 1/m = 0. These
indicate good convergency for m = 800. In the main panel of Fig. 3, C2 (r = 4) is
suppressed with increasing tp . This is easily understood as a result of mixing with the
connected chain. Such suppression has been discussed in the context of the eﬀect of
apical oxygen on pairing amplitude in the CuO2 plane,8) though the dimensionality
is higher than the present case. The suppression of C2 (r = 4) depends on U2 . With
increasing U2 , the suppression is reduced and very small at U2 = 6. This means
that, at large U2 , C2 hardly changes even if tp is introduced. This is also easily
understood by the fact that the double occupation on the SDW chain is not allowed
during the process of interchain hopping. This eﬀect is also seen in the metal chain
as a suppression of induced AF correlation, as will be discussed below.
At large distances more than r ∼ 10, C2 (r) increases with increasing tp as
shown in Fig. 2. Since the convergency of the data at this region is questionable
as mentioned above, we cannot give a deﬁnite answer to a question whether C2 (r)
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Fig. 3. tp dependence of spin-spin correlation on the SDW chain at a selected distance r = 4 for
a 64×2 ladder and diﬀerent values of U2 . The truncation number m = 800. Inset: C2 (r = 4)
for U2 = 4 as a function of the inverse of m. The data for tp = 0 and 0.4 are shown. The ﬁlled
square at 1/m = 0 is the data obtained from a 64-site single chain.

increase with tp or not. We need larger m in DMRG or analytical studies in order to
clarify this question. This remains as a future work. We note that a linear behavior
up to r ∼ 30 in the log-log plot for the case of tp = 0.4 indicates no spin gap in the
SDW chain. However, we need further study to draw a ﬁnal conclusion.
3.2. Spin-spin correlation in the metal chain
We show in Fig. 4 induced AF spin correlation function ΔC1 in the metal chain
(the l = 1 leg), which is deﬁned as the diﬀerence of the correlations for ﬁnite tp and
tp = 0. The data at even distances are plotted. At U2 = 4, the magnitude and length
scale of ΔC1 increase with increasing tp as shown in Fig. 4(a). As for convergency of
the data in terms of m, we again plot 1/m dependence of ΔC1 at several values of
r for tp = 0.3 in the inset of Fig. 4(a). The data gradually converges from m = 500
(1/m = 0.002) to m = 800 (1/m = 0.00125). In Fig. 4(b), we plot U2 dependence of
the induced AF correlation for a ﬁxed value of tp = 0.3. With increasing U2 , ΔC1
increases and saturates near U2 = 3. Then, ΔC1 decreases with further increasing
U2 .
In a single Hubbard chain, the magnitude of the AF spin correlation increases
with increasing U . The increse of U also reduces charge ﬂuctuation. This relation
between AF correlation and charge ﬂuctuation tempts us to relate the nonmonotonic
U2 dependence of the induced AF correlation ΔC1 to charge ﬂuctuation in the metal
chain. In order to conﬁrm this, we have calculated the charge ﬂuctuation on a central
site of the metal chain, deﬁned as (Δn)2 = n2i=32,l=1  − ni=32,l=1 2 (not shown).
As expected, (Δn)2 decreases from U2 = 2 to 3, and then increases with further
increasing U2 , although the change of its magnitude is only 0.5%. This implies
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Fig. 4. Induced AF spin correlation function on the metal chain ΔC1 (r) as a function of the distance
r between two sites for a 64×2 ladder. The truncation number m = 800. (a) U2 = 4 and the
data for several values of tp are shown. Inset: ΔC1 (r) at several distances for tp = 0.3 as a
function of 1/m. (b) tp = 0.3 and the data for several values of U2 are shown.

that the induced AF spin correlation is related to charge ﬂuctuation aﬀected by the
connected SDW chain.
In order to make more clear the U2 dependence of ΔC1 , we examine a relation
between the original AF spin correlation on the SDW chain at tp = 0 and the induced
correlation at tp = 0.3 on the metal chain. For this purpose, we deﬁne the following
integrated correlation functions:
(2)

IC =
(1)
ΔIC

=



C2 (|ri − rj |) ,

(3.1)

ΔC1 (|ri − rj |) ,

(3.2)

i−j=even



i−j=even

where i−j runs over even numbers, i.e., i and j are on the same sublattice. Therefore,
(2)
IC is roughly proportional to the magnitude of spin structure factor at momentum
(1)
Q = π on the SDW chain. Similarly, ΔIC roughly corresponds to the induced
(1)
(2)
part of the Q = π structure factor on the metal chain. We show ΔIC versus IC in
Fig. 5. Each data point corresponds to a given value of U2 . We ﬁnd that the induced
AF correlation shows non-monotonic dependence on the original AF correlation on
the SDW chain. In particular, the induced correlation has a maximum for a certain
value of the original correlation and weakens with further increasing the strength of
the original correlation. This behavior seems to be counterintuitive, since induced
correlation is expected to be strong if original correlation is strong. In the next
section, we consider the origin of this behavior using a mean-ﬁeld treatment of the
ladder system.
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(2)

Fig. 5. Relation between integrated AF spin correlation IC on the SDW chain at tp = 0 and
(1)
integrated induced AF spin correlation ΔIC on metal chain at tp = 0.3 for a 64×2 ladder. The
data are taken from DMRG results with m = 800.

§4.

Mean-field analysis

We perform a mean-ﬁeld SDW approximation for the SDW chain (the l = 2 leg).
By assuming an ordered momentum Q = π under periodic boundary condition,
the corresponding SDW order parameter is given by Δ2 = 12 ni2↑ − ni2↓ (−1)ri ,
which becomes independent of site i. Using Δ2 , we obtain the Hamiltonian of the
nonequivalent two-leg Hubbard ladder:
HMF = H̃1 + H̃2 + H⊥
with

⎛

ξk
 † ⎜ 0
ãk,1 ⎜
H̃1 =
⎝ 0
k
0
⎛

0
ξk
0
0

ξk
 † ⎜
0
ãk,2 ⎜
H̃2 =
⎝ −U2 Δ2
k
0

0
0
ξk+Q
0
0
ξk
0
U2 Δ2

0
0
0

(4.1)

⎞
⎟
⎟ ãk,1 ,
⎠

ξk+Q
−U2 Δ2
0
ξk+Q
0

⎞
0
U2 Δ2 ⎟
⎟ ã ,
0 ⎠ k,2
ξk+Q

(4.2)

(4.3)
(4.4)

and
H⊥ = −tp


 †
ck,1,σ ck,2,σ + c†k+Q,1,σ ck+Q,2,σ + h.c. ,

(4.5)

k,σ

where ξk = −2t cos k−μ with the chemical potential μ and ã†k,l = (c†k,l,↑ , c†k,l,↓ , c†k+Q,l,↑ ,

c†k+Q,l,↓ ), with c†k,l,σ being the Fourier component of c†i,l,σ . Integrating out the freedom
of the SDW chain, the inverse of an eﬀective Green function on the l = 1 leg reads
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G−1
eﬀ,1 (k, iωn )
⎛

Bn (k, Δ2 )
⎜
0
= iωn − ⎜
⎝ −Dn (k, Δ2 )
0

0
Bn (k, Δ2 )
0
Dn (k, Δ2 )

−Dn (k, Δ2 )
0
Cn (k, Δ2 )
0

⎞
0
Dn (k, Δ2 ) ⎟
⎟,
⎠
0
Cn (k, Δ2 )

(4.6)

where Bn (k, Δ2 ) = ξk + An (k, Δ2 ) (iωn − ξk+Q ), Cn (k, Δ2 ) = ξk+Q + An (k, Δ2 )
× (iωn − ξk ), Dn (k, Δ2 ) = U2 Δ2 An (k, Δ2 ), and An (k, Δ2 ) = t2p / (iωn − ξk )(iωn −
ξk+Q ) − (U2 Δ2 )2 , with ωn being the Matsubara frequency.
By relating the oﬀ-diagonal elements in (4.6) to the induced order, an eﬀective
SDW order emerging on the l = 1 leg, Δeﬀ
1 , is given by Dn (k, Δ2 )/U2 . Considering
electrons near the Fermi level at half-ﬁling, i.e., k = π/2 and μ = 0, and assuming
tp  Δ2 , we obtain
t2p 1
≈
,
(4.7)
Δeﬀ
1
U22 Δ2
where the induced order decreases inversely proportional to the magnitude of the
original order. This behavior is qualitatively consistent with the DMRG results of the
induced AF spin correlation as shown in Fig. 5. Of course, the quantities calculated in
the DMRG and mean-ﬁeld calculations are diﬀerent, but underlying physical origins
should be the same because both the correlation and the order are related to the
interplay of on-site Coulomb interaction and the spin degrees of freedom. From the
mean-ﬁeld result, we can obtain an intuitive picture of the decrease of the induced
order at large original order. For large original order, an electron in the metal chain
feels strong potential due to the order and thus the electron is hard to hop to the
SDW chain. As a result, the transfer of the order to the metal chain is less eﬀective
during the second order process using tp as seen in (4.7). It is interesting to note
that this mechanism is independent of dimensionality.
§5.

Summary

We have examined the spin-spin correlation function of a nonequivalent two-leg
Hubbard ladder in order to exploit the induced order due to the proximity eﬀect.
One leg is a noninteracting chain and the other is a Hubbard chain with positive onsite Coulomb interaction where AF spin correlation is dominating. The two chains
are coupled by interchain hopping. By employing the DMRG technique, we ﬁnd
that the AF correlation on the SDW chain is slightly suppressed at short distances
with increasing interchain hopping. This suppression is due to the transfer of AF
spin correlation to the metal chain. Then, the induced AF spin correlation in the
metal chain is enhanced. Fixing tp , we ﬁnd that the induced correlation decreases
with increasing the magnitude of the original correlation in the SDW chain. This is
supported by a mean-ﬁeld SDW calculation.
The model taken in this study is too simple to describe multilayered high-Tc
cuprates in which the coexistence of antiferromagnetic and superconducting orders
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has been reported. The issue of the coexistence is beyond the present study, but a
possible induced order due to proximity eﬀect can be discussed based on the present
results of DMRG and mean-ﬁeld calculations. The results indicate that, if the order
is large in one CuO2 plane, the induced order in neighboring planes should be small.
This means that, if the inner CuO2 plane in the multilayered cuprates is close to half
ﬁlling where the magnetic moment is large, induced part of the moment in the outer
plane should be small. The present results might contribute to further understanding
the coexistence of diﬀerent orders in the multilayered cuprates.
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