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By using the antisymmetrized molecular dynamics with Gogny eﬀective interaction, the
low-lying spectrum and the E2 transition rates of 24 Mg are studied. On the basis of the
comparison of the spectrum with observations, the importance of γ deformation in both
positive- and negative-parity states is emphasized. Among the seven bands obtained, K π =
2+ , 0− and 3− bands are triaxial deformed, and the inclusion of the degree of freedom of γ
deformation is found to be essential to describe them.
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§1.

Introduction

The recent development of nuclear structure models has enabled us theoretical
investigation of a rich variety of structure and dynamics in nuclear many-body systems, which manifest up to highly excited states without a priori assumption. For
example, in the case of sd-shell nuclei, various deformed states and (large-amplitude)
collective excitations in the low-lying states are discussed on the basis of the generator coordinate method (GCM),1)–5) cranked-Hartree-Fock-Bogoliubov plus local
quasiparticle random phase approximation (CHFB+LQRPA).6) For highly excited
states, (super)deformed states have been discussed on the basis of Hartree-Fock
(-Bogoliubov+GCM)7)–10) calculations, and their evolution to molecule-like cluster
states is also studied by antisymmetrized molecular dynamics (AMD).11)–13)
Among the sd-shell nuclei, 24 Mg has been the most studied in detail theoretically
and experimentally. Furthermore, recent new experimental information obtained
by the inelastic α scattering sheds new light on the highly excited states of 24 Mg.
Namely, the triaxial deformation of the low-lying rotational bands has been discussed
for a long time, which is associated with the presence of the K π = 2+ band built on
14), 15) As an example of such theoretical eﬀorts, one can refer
the 2+
2 state at 4.2 MeV.
to the pioneering work using the Hartree-Fock-Bogoliubov model.16) Recent beyond
mean-ﬁeld model studies2)–5) revealed that the triaxial deformation is essential for the
K π = 2+ band. Although the properties of the positive-parity bands are theoretically
and experimentally investigated in detail, those of the negative-parity bands are
unclear. Experimentally, the band assignments of the negative-parity states are not
well established. Since the triaxial deformation of the mean ﬁeld plays an important
role in the positive-parity states, it could also generate various bands in the negativeparity states.
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When we turn to the highly excited states, we can expect a variety of cluster
states. According to Ikeda’s diagram,17) a couple of threshold energies that decompose the system into two or three clusters such as 12 C+12 C, α+20 Ne and 2α+16 O
are located at approximately 10 to 20 MeV in excitation energy. These threshold
energies are higher than those of lighter N = Z nuclei, and hence, cluster states of
24 Mg are expected to appear as highly excited states. Cluster model studies18)–24)
have been devoted to revealing them, but to date, little is known and their existence has not been established well, except for the well-known 12 C+12 C molecular
resonances that appear at the vicinity of the Coulomb barrier.25)–29) Recently, motivated by the discovery of the 3α and 4α condensed states in 12 C30), 31) and 16 O,32)
Itagaki et al.,33) Ichikawa et al.,34) von. Oertzen et al.35) and Kokalova et al.36) have
suggested the 2α+16 O cluster state in 24 Mg or nα condensation around the core nucleus. Their discussions based on the nα+core cluster models renewed interest in the
2α+16 O clustering in 24 Mg. Indeed, recent experimental information on inelastic α
scattering suggests the possible presence of cluster states in highly excited states.37)
However, other cluster states such as 12 C+12 C and α+20 Ne should be theoretically
treated at the same time, because their threshold energies are close to each other as
mentioned above.
Thus, the spectrum of 24 Mg may contain a rich variety of nuclear many-body
dynamics, triaxial deformed mean ﬁeld of low-lying states and clusters of highly excited states. To illustrate it theoretically, the excitation spectrum covering a wide
energy range should be investigated. Furthermore, since there coexist several diﬀerent cluster threshold energies, the study without an a priori assumption of cluster
structures is desirable. Therefore, in this series of papers, we will investigate the excitation spectrum of 24 Mg and study the structure changes in the wide energy region
on the basis of AMD.13), 38)–41) Since AMD is capable of describing the excitation
spectrum and various structures without any assumption on the symmetry of the
wave function and cluster structure, it enables us to investigate how 24 Mg changes
its structure as the excitation energy increases. In this ﬁrst paper, we focus on the
low-lying spectra of the positive- and negative-parity states and discuss their triaxial
deformation. In our next paper, we will discuss the cluster states in highly excited
states and cluster correlations in the low-lying states.
Our aim in this study is to examine the γ deformation in the low-lying negativeparity bands as well as that in the positive-parity bands. It is shown that the triaxial
deformation is also important in the low-lying negative-parity states as well as in the
K π = 2+ band. We have obtained four negative-parity bands, K π = 0− , 1− , 2− and
3− , which correspond to the experimentally suggested band assignment42) except for
the K π = 2− band. Among them, the K π = 0− and 3− bands are triaxial deformed
and their spectra and E2 transitions are quite sensitive to γ deformation.
This paper is organized as follows. The AMD framework used in this study
is explained in the next section. In §3, we discuss the energy surfaces and density
distributions of the positive- and negative-parity states. By performing the angular
momentum projection and GCM, the assignments of the positive- and negativeparity bands and eﬀects of γ deformation are discussed. In the ﬁnal section, we
summarize this work.
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Theoretical framework

2.1. Hamiltonian and variational wave function
The Hamiltonian used in this study is given as
Ĥ =


i

t̂i +

1
1
v̂N N (ij) +
v̂C (ij) − t̂cm .
2
2
ij

(2.1)

ij∈p

As the eﬀective interaction v̂N N , we have used the Gogny D1S interaction (D1S),43)
and the Coulomb force v̂C is approximated with the sum of twelve Gaussians. To
investigate the dependence of the results on the eﬀective interaction, we have also
used Gogny D1 interaction (D1).44) t̂cm takes care of the center-of-mass energy.
Since the center-of-mass wave function is analytically separable from the internal
wave function in the AMD framework, our calculation is free of the spurious centerof-mass motion.
The intrinsic wave function of the system with mass A is represented by a Slater
determinant of single-particle wave packets,
Φint = A{ϕ1 , ϕ2 , ..., ϕA },

ϕi (r) = φi (r)χi ξi ,

(2.2)

where ϕi is the ith single particle wave packet consisting of the spatial φi , spin χi
and isospin ξi parts. The local Gaussian located at Zi is employed as φi ,40)




Ziσ 2
φi (r) = exp −
νσ rσ − √
,
νσ
σ=x,y,z
χi = αi χ↑ + βi χ↓ , |αi |2 + |βi |2 = 1,
ξi = proton or neutron.

(2.3)

Here, Zi , αi , βi and νσ are the variational parameters. The use of the deformed
Gaussian is essential for the discussion on triaxial deformation. When νx , νy and νz
have diﬀerent values (i.e., νx = νy = νz ), Eq. (2.3) describes a single particle motion
in a triaxial deformed mean ﬁeld.
The parity-projected wave function is employed as the variational wave function,
Φπ = P̂ π Φint =

1 + π P̂x
Φint .
2

(2.4)

Variational parameters (Zi , αi , βi and νσ ) are independently determined for each
parity by the variational calculation with the β-γ constraint explained below.
2.2. Variation with β-γ constraint
We perform a variational calculation under constraint on the matter quadrupole
deformation parameters β and γ. In the AMD framework, the β-γ constraint was
ﬁrst applied by Suhara and Kanada-En’yo.45) We basically follow their prescription,
but modiﬁed the deﬁnitions of β and γ for convenience in the numerical calculation.
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They are deﬁned as

2

x  =

R02


1+


y 2  = R02


1+


2

z  =
R02 =

R02



2π
5
β cos γ +
π
3

,

(2.5)

2π
5
β cos γ −
π
3

,

(2.6)

5
β cos γ
π

,

(2.7)

1
x2  + y 2  + z 2  ,
3

(2.8)

1+

where x̂2 , ŷ 2  and ẑ 2  are the expectation values of those operators calculated
from the intrinsic wave function, and the intrinsic coordinate is deﬁned such that
the relation x̂2  ≤ ŷ 2  ≤ ẑ 2  is satisﬁed. This deﬁnition is slightly diﬀerent from
the deﬁnitions by Bohr-Mottelson and Hill-Wheeler, that are customarily used, and
it gives smaller values for β and γ than others deﬁnitions at the same x̂2 , ŷ 2  and
ẑ 2 .
The parabolic potentials are added to the total energy to impose the β-γ constraint:
Vc = vβ (β − β0 )2 + vγ (γ − γ0 )2 ,
π
π
 = Φ |Ĥ|Φ  + Vc .
E
Φπ |Φπ 

(2.9)
(2.10)

Then, variational parameters of the
intrinsic wave function are determined
 for given β0 and γ0 by the
to minimize E
frictional cooling method. The resultant
wave function Φπ has the minimum energy for a given set of (β0 , γ0 ) and is
called (denoted as) the parity-projected
state (Φπ (β0 , γ0 )) in the following. In
this study, the parity-projected states
are calculated for discrete sets of (β, γ)
on
the triangular lattice in the β-γ
Fig. 1. Lattice in β-γ plane. Dots show the
plane, as shown in Fig. 1. The size of
grid points where the variational calculathe lattice is 0.05 and the calculation is
tion is performed.
performed up to β = 0.9. vβ and vγ
should be suﬃciently larger than the curvature of the energy surface to obtain the
exact minimum for a given (β0 , γ0 ) as discussed in Ref. 46). However, the use of very
large vβ and vγ results in much longer calculation time and makes the energy convergence worse. Therefore, we have varied vβ and vγ for every given value of (β0 , γ0 )
during the variational calculation, so that the actual deformation of Φπ (β0 , γ0 ) is
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close to (β0 , γ0 ). The deviations of Φπ (β0 , γ0 ) from (β0 , γ0 ) are β − β0 < 0.005 and
β−β0 < 0.5◦ , and vβ and vγ are typically varied within the range of vβ = 200–4000
MeV and vγ = 20–100 MeV.
2.3. Angular momentum projection and GCM
After the variational calculation, we project out an eigenstate of the total angular
momentum from the parity-projected states

J
π
Jπ (β , γ ),
(β
,
γ
)
=
P̂
Φ
(β
,
γ
)/
NK
(2.11)
ΦJπ
i
i
i
i
i i
MK
MK

2J + 1
J
J∗
P̂M
(2.12)
dΩDM
K =
K (Ω)R̂(Ω),
8π 2
Jπ
Jπ
π
Jπ
π
(βi , γi ) = P̂M
(2.13)
NK
K Φ (βi , γi )|P̂M K Φ (βi , γi ).
J
Here, P̂M
K is the total angular momentum projector. The integrals are performed
numerically over all the three Euler angles Ω’s as usual in the AMD framework,
which is essential for the discussion of the degree of freedom of γ deformation. In
the following, the state described by ΦJπ
M K (βi , γi ) is referred to as the K state (K
is the projection of the angular momentum on the intrinsic z axis). The deﬁnition
of the K state depends on the choice of the intrinsic coordinate. In this study, we
deﬁned the intrinsic z axis as the major axis. The choice of the intrinsic coordinate
should not aﬀect the result of the GCM calculation with K mixing. We have checked
it and found that the diﬀerences in the eigenenergies are less than 100 keV in other
choices of the intrinsic coordinate.
The calculation is completed by performing GCM. We superpose the K states
J±
ΦM K (βi , γi ), which have the same parity and angular momentum but have diﬀerent K, deformation (βi , γi ). Namely, the wave function of the system is formally
expressed as

ΦJπ
α =

J
 
i

cKiα ΦJπ
M K (βi , γi ),

(2.14)

K=−J

where the quantum numbers except the total angular momentum and the parity
are represented by α. The coeﬃcients cKiα are determined using the Hill-Wheeler
equation
J
 
j

J
 

NKiK  j cK  j ,

(2.15)

Jπ
HKiK  j = ΦJπ
M K (βi , γi )|Ĥ|ΦM K  (βj , γj ),
Jπ
NKiK  j = ΦJπ
M K (βi , γi )|ΦM K  (βj , γj ).

(2.16)
(2.17)

HKiK  j cK  j = Eα

K  =−J

j

K  =−J

We call the solution of Eq. (2.15) triaxial GCM. The physical quantities discussed in
the next section are basically calculated from the triaxial GCM wave function. To
investigate the eﬀects of γ deformation, we also performed the symmetry-restricted
GCM calculation, in which the basis wave functions are limited to axial symmetric
states (γ = 0◦ or 60◦ ), which is called the axial GCM.
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In the actual calculation, Eq. (2.15) is solved using the following procedure to
maintain the numerical stability and make the analysis of the results transparent.
First, we calculate the mixing between the diﬀerent K states that have the same
intrinsic deformation (βi , γi ),
ΦJπ
n (βi , γi )

J


=

fKni ΦJπ
M K (βi , γi ),

(2.18)

K=−J
J


J


NKK  fK  ni .

(2.19)

K=−J
Jπ
HKK  = ΦM K (βi , γi )|Ĥ|ΦJπ
M K  (βi , γi ),
Jπ
NKK  = ΦM K (βi , γi )|ΦJπ
M K  (βi , γi ).

(2.20)
(2.21)

H

KK 

f

K  ni

= en

K=−J

The generalized eigenvalue problem Eq. (2.19) is solved by the double diagonalization
of NKK  and HKK  . The states that have a very small eigenvalue of the norm-kernel
NKK  should be omitted for numerical stability. The cutoﬀ of the norm eigenvalue
can be deduced from the number of digits of the matrix elements of H and N
calculated accurately. In this study, we put the cutoﬀ of the smallest norm eigenvalue
as 10−3 . We call this calculation K-mixing and the solutions of Eq. (2.19) are called
K-mixed states.
Then, we superpose all the K-mixed states with diﬀerent deformations (βi , γi )
to take care of the ﬂuctuation of the wave function in the β-γ plane:

gniα ΦJπ
(2.22)
ΦJπ
α =
n (βi , γi ),


i,n



Nnin j gn jα ,

(2.23)

Jπ
Hnin j = ΦJπ
n (βi , γi )|Ĥ|Φn (βj , γj ),

(2.24)
(2.25)

Hnin j gn jα = Eα

n j

n j
Jπ
Nnin j = ΦJπ
n (βi , γi )|Φn (βj , γj ).

By solving Eq. (2.23), we obtain the GCM results. Combining Eqs. (2.14), (2.18)
and (2.22), one ﬁnds the relations:
ΦJπ
α

=

J
 
i

=

J
 
i

cKiα =

K=−J



K=−J

cKiα ΦJπ
M K (βi , γi )



n

(2.26)


fKni gniα

ΦJπ
n (βi , γi ),

fKni gniα .

(2.27)
(2.28)

n

To discuss the ﬂuctuation of the triaxial GCM wave function in the β-γ plane, it
is convenient to use the overlap between the triaxial GCM wave function and the
K-mixed states,
Jπ
Jπ 2
(βi , γi ) = |ΦJπ
Onα
n (βi , γi )|Φα | .

(2.29)
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Jπ (β , γ ) in the β-γ plane is discussed in the next section.
The behavior of Onα
i i

§3.

Results and discussion

3.1. Energy surfaces and the triaxial deformation
Figure 2 shows the energy surfaces calculated from the parity-projected states
obtained by using the D1S parameter set,
E π (β, γ) =

Φπ (β, γ)|Ĥ|Φπ (β, γ)
.
Φπ (β, γ)|Φπ (β, γ)

(3.1)

The positive-parity states have a prolate-deformed minimum at (β, γ) = (0.4, 0◦ ),
and a saddle point with oblate deformation, (β, γ) = (0.18, 60◦ ). As mentioned in
other studies,2), 3) this oblate-deformed saddle point imitates the second minimum
on the energy curve if we restrict the calculation to be axial symmetric. The D1 parameter set gives qualitatively the same result in both parity states, but D1 gives a
smaller binding energy than D1S by about 5 MeV in the entire region of the energy
surface, and makes the energy surface very slightly softer against γ deformation.
Since the dependence of the GCM results on the choice of Gogny parameter sets is
minor except for the total binding energy, we mainly discuss the results obtained
with the D1S parameter sets, and the diﬀerences between D1S and D1 are explained
in the following subsections.
The behavior of the surface is similar to and qualitatively consistent with other
triaxial calculations.2), 3) Rodrı́guez and Egido3) performed the particle-numberprojected triaxial Hartree-Fock-Bogoliubov calculation that use the same eﬀective
interaction as our calculation. Compared with their result, there are some quantitative deviations. For example, the β deformation of the minimum and the slope of
the surface are slightly diﬀerent. These deviations come from the diﬀerence between
the deﬁnitions of β and γ and from the treatment of the pairing correlation, which
is not explicitly implemented in our model. Diﬀerently from Rodrı́guez and Egido’s
calculation, we perform the parity projection and do not assume the time-reversal

Fig. 2. Energy surfaces in β-γ plane for positive- and negative-parity states obtained with the D1S
parameter set. Dots show the energy minima and the contour shows the increase of energy for
every 1 MeV.
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Fig. 3. Intrinsic matter density distributions obtained with the D1S parameter set. (a) and (c)
show the axial symmetric states that respectively dominate the ground band and K π = 1− , 2−
bands after the GCM calculation. (b) and (d) show the triaxial states that respectively dominate
the K π = 2+ and K π = 0− , 3− bands.

symmetry. They also lead to a quantitative diﬀerence in the results.
The intrinsic density distributions of the minimum and triaxial deformed states
are respectively shown in Figs. 3(a) and (b). The latter becomes the dominant
component of the K π = 2+ band after the triaxial GCM calculation. The states
show almost parity-symmetric axial or triaxial deformation. We see the absence of
the clustering in the states such as 2α+16 O and 12 C + 12 C. The absence of the
clusterlike structure is common to all the calculated parity-projected states in this
work. This may indicate that the low-lying spectrum of 24 Mg is dominated by the
mean ﬁeld and its dynamics. However, it must be emphasized that it does not
necessarily indicate the absence of the cluster structure in the excited states nor the
absence of the clustering correlation in the low-lying states. This point will be the
focus of our discussion in the next work.
The parity projection before variation makes it possible to investigate the deformation of the negative-parity states. The negative-parity states also have a prolate deformed minimum at (β, γ) = (0.51, 0◦ ) and an oblate deformed saddle at
(β, γ) = (0.27, 60◦ ). They are connected along the valley of the energy surface. This
suggests the importance of the degree of freedom of γ deformation in the negativeparity states as well as in the positive-parity states. Compared with the positiveparity states, these states have a larger β deformation. This is due to the nucleon
excitations from the p- to sd-shell. The intrinsic density distributions of the minimum and triaxial deformed states are respectively shown in Figs. 3(c) and (d). The
latter becomes the dominant component of the K π = 0− and 3− bands after the
GCM calculation. Although the axial symmetric state (Fig. 3(c)) shows an almost
parity-symmetric density distribution, the triaxial state (Fig. 3(d)) shows the asymmetry in the xy plane. Again, we recognize no sign of prominent clustering in any
calculated states.
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Fig. 4. (color online) Calculated (D1S) and observed partial level scheme and B(E2) of 24 Mg for the
positive-parity states. Left: axial GCM, middle: triaxial GCM and right: experiments.47)–51)

3.2. Positive-parity bands
By performing the angular momentum projection and triaxial and axial GCMs,
we calculated the excitation spectrum. The triaxial GCM generates three rotational
bands including the ground band. Figure 4 shows a comparison of the calculated and
observed47)–51) positive-parity spectra. The band assignments of the GCM results
are based on the calculated B(E2) strength.
3.2.1. J π = 0+ and 2+ states by triaxial GCM
To understand the structure of each state obtained by the triaxial GCM calculation, we ﬁrst discuss the energy surface and wave functions of the J π = 0+ and 2+
states. In the case of the J π = 0+ state, it does not have K mixing by deﬁnition, and
the energy surface of the K π = 0+ states is shown by the contour lines in Fig. 5(a)
(Fig. 5(b) also shows the same contour line). Owing to the angular momentum projection, a triaxial state at (β, γ) = (0.49, 13◦ ) becomes the lowest energy state. This
state energy is decreased by 7.3 MeV after the angular momentum projection, and
it is 1 MeV lower than the prolate deformed saddle point at β = 0.5. The triaxial
+
GCM generates 0+
1 and 02 states on this energy surface. The binding energy of the
ground state is 198.55 MeV and it overestimates the observed value (198.26 MeV)
by 0.3 MeV. The calculated excitation energy of the 0+
2 state is 10.1 MeV, while the
observed value is 6.4 MeV. In the case of the D1 parameter set, the total binding
energy is underestimated (192.98 MeV), but the excitation energy of the 0+
2 state is
slightly better (9.7 MeV).
The overlaps of these 0+ states with the K π = 0+ wave function on the energy
surface are shown by the color plots in Figs. 5(a) and (b). The overlaps show that
the ground state has a broad ﬂuctuation in the β-γ plane and it is centered at the
minimum of the energy surface (Fig. 5(a)). This broad distribution is partly due
to the softness of the energy surface against β and γ deformations. Another reason
is the unorthogonality of the K π = 0+ wave functions on the energy surface. For
example, the wave function at the triaxial minimum and that at the saddle point
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Fig. 5. (color online) Energy surfaces and overlaps of J π = 0+ and 2+ states calculated with the
D1S parameter set. The contours show the energies of the K-mixed states with an interval of 1
MeV, and dots show the minima position. The color plots show the overlaps of each state with
K-mixed states.

on the γ = 0◦ line have a large overlap that amounts to about 90%. Therefore,
both wave functions naturally have a large overlap with the GCM wave function. In
contrast to the ground state, the 0+
2 state has an overlap concentrated on the oblate
+
side with a smaller β. As we will see later, the K π = 0+
1 and 02 bands are built on
+
these 0 states.
In the case of the J π = 2+ states, there literary exist ﬁve K states with K π =
−2+ –2+ . Among them, three K-states (K + = 0+ and ±2+ ) have a large norm after
the angular momentum projection. By the K-mixing, we obtain two independent
K-mixed states. The K-mixed state with the lowest energy is dominated by the
K π = 0+ wave function, while the second lowest K-mixed state is dominated by the
K π = ±2+ wave functions. Their energy surfaces are respectively shown in Figs. 5(c)
and (d). The behavior of the energy surface of the lowest K-mixed states (Fig. 5(c))
is similar to that of the J π = 0+ states (Fig. 5(a)). It has a triaxial deformed
minimum at the same deformation with the J π = 0+ states and is soft against β
and γ deformations. On the other hand, the second lowest K-mixed state shows a
diﬀerent behavior. It has a pronounced triaxial minimum at (β, γ) = (0.49, 18◦ ). By
+
+
performing the triaxial GCM, we obtain the 2+
1 , 22 and 23 states at 1.1, 4.7 and
+
+
11.8 MeV, respectively. The 21 and 23 states are dominated by the lowest K-mixed
+
states (therefore, K π = 0+ states), and classiﬁed into the K π = 0+
1 and 02 bands,
as we will see below. The 2+
2 state is dominated by the second lowest K-mixed state
(K π = ±2+ ), and the K = 2+ band is built on this state.
The overlap between the 2+
1 state and the lowest K-mixed state is shown in
Fig. 5(c) by a color plot. It shows a broad ﬂuctuation in the β-γ plane centered at
the minimum of the energy surface and quite a similar behavior to the ground state.
+
It is also noted that the overlap of the 2+
3 state is similar to that of the 02 state,
although it is not shown in the ﬁgure. The overlaps of these states are consistent
with the band assignment. Since the ﬂuctuations in the β-γ plane are similar to
+
+
+
each other, the B(E2) between 0+
1 and 21 and that between 02 and 23 are large.
Diﬀerent from other 2+ states, the 2+
2 state is dominated by the second lowest Kmixed state. Figure 5(d) shows the overlap between the 2+
2 state and the second
lowest K-mixed state. The overlap is centered at the minimum of the energy surface
+
that has a larger γ value than the 2+
1 and 23 states. This suggests the importance of
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the γ deformation for the 2+
2 state, which will become clearer by comparing it with
the axial GCM result.
3.2.2. Band assignment and triaxial deformation
The characteristics of 2+ states discussed above are common to other natural
parity states such as the 4+ and 6+ states. Namely, we always obtain two K-mixed
states. The lowest and second lowest K-mixed states are respectively dominated by
+
the K π = 0+ and K π = ±2+ states. The former constitutes the K π = 0+
1 and 02
π
+
band member states, and the latter constitutes the K = 2 band. In the case of
the unnatural parity states, we always obtain one K-mixed state dominated by the
K π = ±2+ states, and they are assigned to the K π = 2+ band.
The calculated and observed ground band spectra show rather good agreement
including the intraband E2 transitions. However, there are slight diﬀerences between the spectra of the high-spin states. Although the calculated ground band
+
is a rotational spectrum, the observed energy spacing between 6+
1 and 81 shows
a deviation from the rotor. To reproduce this deviation, we may need to perform
variational calculation after angular momentum projection. Since there are no qualitative diﬀerences between the axial and triaxial calculations, we can conclude that
γ deformation is not essential to the ground band.
In contrast to those of the ground band, the spectra of the K π = 2+ band
obtained by axial and triaxial GCM are quite diﬀerent. The axial GCM gives about 4
MeV higher excitation energy of the 2+
2 state than the triaxial GCM and observation.
Furthermore, it gives an irregular excitation energy of the 5+
1 state and much smaller
intraband E2 transitions. Apparently, the axial GCM fails to describe the observed
K π = 2+ band, while the triaxial GCM is compatible with the observation. Thus,
the degree of freedom of γ deformation is essential to describe the K π = 2+ band.
This point was also emphasized in other triaxial calculations.2), 3) It is also noted
that the D1 parameter set gives a slightly smaller excitation energy of the 2+
2 state
by about 0.2 MeV.
+
Experimentally, the K π = 0+
2 band is built on the 02 state at 6.4 MeV. Both
axial and triaxial calculations with the D1S and D1 parameter sets overestimate
the excitation energy of the 0+
2 state by about 4 MeV. The HFB+GCM calculation
using the same eﬀective interaction also overestimates the energy of this state. This
discrepancy may be attributed to either (1) the property of Gogny force or (2) the
insuﬃciency of the model space to describe this band. For example, as we have
explained in the previous section, no clusterlike conﬁgurations are included in the
present calculation or HFB+GCM calculations. The nature of this K π = 0+
2 band
will be investigated in detail in our next work.
3.3. Negative-parity bands
By the triaxial GCM with the D1S parameter set, we obtain four rotational
bands, which we call K π = 0− , 1− , 2− and 3− as shown in Fig. 6. The K π = 1−
and 2− bands are prolate deformed, while the K π = 0− and 3− bands are triaxial
deformed. The same as that in the case of the positive-parity bands, this band
assignment is based on the strength of the B(E2). The D1 parameter set gives
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Fig. 6. (color online) Same as Fig. 4, but for the negative-parity states. Experimental data are
cited from Ref. 42).

slightly higher excitation energies for all the negative-parity states by about 0.5
MeV, but the band structure is common to the D1S parameter set discussed below.
3.3.1. J π = 1− , 2− and 3− states by triaxial GCM
The structures of the negative-parity bands are rather complicated, and hence,
we ﬁrst discuss the structure of the J π = 1− , 2− and 3− states. There are three
K states with K = 0 and ±1 for J π = 1− , and after the K-mixing, we obtain two
K-mixed states. The lowest energy state is dominated by the K = ±1 states and
has a prolate minimum at (β, γ) = (0.6, 0◦ ) (contour line of Fig. 7(a)). The 1−
1 state
at 10.5 MeV is distributed around this minimum and it is the band head of the
K π = 1− band. The second lowest K-mixed state is dominated by the K = 0 states
and has a triaxial minimum at (β, γ) = (0.5, 25◦ ) (contour in Fig. 7(b)). The 1−
2
state at 12.3 MeV predominantly constitutes of this triaxial state, which is conﬁrmed
in Fig. 7(b).
In the case of J π = 2− states, we obtain four K states with K = ±1 and
±2. These states are strongly mixed with each other by the K-mixing, and we
obtain two K-mixed states. Both are prolate deformed and have minima around
(β, γ) = (0.6, 0◦ ) (Fig. 7(c) shows the second lowest state). The lowest state is
assigned as the member state of the K π = 1− band, while the second lowest state

Fig. 7. (color online) Energy surfaces and overlaps of J π = 1− , 2− and 3− states calculated with
the D1S parameter set. Contour show the energies of the K-mixed states with interval of 1 MeV,
and dots show the minima position. Color plot shows the overlap of each state with K-mixed
states.
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is assigned as the band head of the K π = 2− band on the basis of the strength of
the E2 transition probability. Owing to the strong mixing between the K π = ±1
−
π
−
and ±2 states and strong deformation, both 2−
1 → 11 (K = 1 intraband) and
−
−
π
−
π
−
22 → 11 (K = 2 → K = 1 interband) E2 transitions have large probabilities.
For the J π = 3− states, we obtain the K = 0− , ±1− , ±2− , ±3− states. The
π
K = ±1− and ±2− states have prolate minima and the K π = 0− and ±3− states
have triaxial minima. By the K-mixing, we obtain four independent states. The
K π = ±1− and ±2− states are strongly mixed with each other as they were in the
J π = 2− states, and they constitute the ﬁrst and fourth lowest K-mixed states.
−
π
−
−
They predominate the 3−
1 and 34 states that are assigned to the K = 1 and 2
bands, respectively. The K = 0− and ±3− states are also strongly mixed with each
other by the K mixing and constitute the second and third lowest K-mixed states.
−
These triaxial deformed states constitute the 3−
2 and 33 states that are the member
states of the k π = 3− and 0− bands.
3.3.2. Negative-parity bands
The natural parity states that have larger angular momentum than J = 3− are
similar to the J = 3− states. Namely, there are the K π = 0− , ±1− , ±2− and ±3−
states. The K π = ±1− and ±2− states are prolate deformed and strongly mixed by
the K-mixing. The states dominated by them are assigned to the K π = 1− and 2−
bands. The K π = 0− and ±3− states are triaxial deformed and mixed with each
other. They constitute the K π = 0− and 3− bands. Thus, we obtain four negativeparity bands, i.e., the K π = 0− , 1− , 2− and 3− bands. Two of them are prolate
deformed and the other two are triaxial deformed. Owing to the strong K mixing,
the interband transition between the K π = 1− and 2− bands and the K π = 0− and
3− bands are rather strong. There is also mixing between the K π = 0− and 2−
states in the J π = 5− states, and hence, the interband E2 transitions between the
K π = 0− and 2− bands are strong.
The experimental band assignment of the negative-parity states is not well established. In the following we compare our result with the assignment by Fiﬁeld et
al.,42) which suggests the K π = 3− , 0− and 1− bands starting from 7.62, 7.55 and
8.44 MeV, respectively. The agreement between the observation and the present calculation is not as good as that in the positive-parity states. Although the observed
negative-parity bands start from approximately 8 MeV, the calculated bands start
from 10 to 12 MeV. Nevertheless, the calculated K π = 1− , 0− and 3− bands may
correspond to the observed bands from their in-band E2 transitions. By comparing
axial GCM and triaxial GCM, one ﬁnds that the γ deformation is important for describing the K π = 0− and 3− bands. The K π = 0− band is missing in the axial GCM
calculation and the energy of the K π = 3− band is markedly reduced by the triaxial
GCM. On the other hand, the γ deformation is less important for the K π = 1− and
2− bands. Compared with the observation, the energies of the K π = 0− and 3−
bands are overestimated by about 4 MeV. In addition to the K π = 1− band, as the
axial deformed band, the calculation predicts the K π = 2− band that is not experimentally established yet. However, the cluster model calculation also predicted this
band and it is noted that the candidates of the member states of this band were
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suggested in Ref 21).
§4.

Summary

In summary, we have investigated the low-lying spectrum of 24 Mg using AMD
and focused on γ deformation. We have obtained seven rotational bands. The
assignment of the three positive-parity bands is experimentally well established and
our results show a good agreement except for the K π = 0+
2 band. Among them,
the importance of γ deformation for the K π = 2+ band is conﬁrmed, while the
other two bands are insensitive to γ deformation. In the case of the negative-parity
band, the experimental band assignment is not established yet. We have obtained
four negative parity rotational bands, i.e., K π = 0− , 1− , 2− and 3− . Except for
the K π = 2− band, our results qualitatively agree with the assignment suggested
in Ref. 42), although the excitation energies are overestimated by about 5 MeV.
It is found that γ deformation also plays an important role in the negative-parity
states. The properties of the K π = 3− and 0− bands are quite sensitive to the γ
deformation.
The states discussed in this paper do not show a prominent cluster structure.
Therefore, clustering is less important for the low-lying states, and the triaxial deformed mean ﬁeld appears more essential. However, note that the excitation energies of several bands are overestimated in this study. For example, the energy of
the K π = 0+
2 band is overestimated by 4 MeV, while the two other positive-parity
bands are well reproduced. Clusterlike correlation may be important for describing
the K π = 0+
2 band. In our next paper, we will discuss the clusterlike correlation in
the low-lying states and prominent clustering of highly excited states.
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